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Abstract. We prove that symplectic quasi-states and quasi-morphisms on a symplectic manifold descend 
under symplectic reduction on a superheavy level set of a Hamiltonian torus action. Using a construction 
due to Abreu and Macarini, in each dimension at least four we produce a closed symplectic toric manifold 
with infinite dimensional spaces of symplectic quasi-states and quasi-morphisms, and a one-parameter 
family of non-displaceable Lagrangian tori. By using McDuff's method of probes, we also show how 
Ostrover and Tyomkin's method for finding distinct spectral quasi-states in symplectic toric Fano manifolds 
can also be used to find different superheavy toric fibers. 



1. Introduction and Results 

1.1. An overview and statement of results. In the series of papers [ EP031 |EP06[ IEP08| IEP09] . Entov 
and Polterovich introduced a way to construct symplectic quasi-states and quasi-morphisms on a closed 
symplectic manifold (M, oj). Their construction and its generalization by Usher |Ushll] and Fukaya- 
Oh-Ohta-Ono [FOOOllb] is based on spectral invariants in Hamiltonian Floer theory and requires 
the algebraic condition that some flavor of the quantum homology algebra QH(M, uj) contains a field 
summand. Since quantum homology is not functorial, in general there is no algebraic way to create new 
quasi-states and quasi-morphisms from known examples. In |Borl2j a 'geometric functoriality' for quasi- 
states and quasi-morphisms was found, which makes no reference to quantum homology and for example 
lets one symplectially reduce a quasi- state on M to a subcritical symplectic hyperplane section E. In this 
paper we will adapt this procedure to symplectic reduction for Hamiltonian torus actions. 

Symplectic quasi-states are functionals ( : C°°(M) — > K that satisfy the following three axioms. For 
H,K e C°°(M) and a £ R: 

(1) Normalization: ("(1) = 1. 

(2) Monotonicity: If H < K, then ((H) < ((K). 

(3) Quasi-linearity: If {H,K} = 0, then ((H + aK) = ((H) +a((K). 

Symplectic quasi-states are Lipschitz in the C°-norm \((H) — ((K)\ < \\H — K\\, and this follows from 
the above properties. Symplectic quasi-states built in |EP06| IEP09| IFOOOllb"! IUshll| using spectral 
invariants from Hamiltonian Floer theory fFOOOllb, Oh05, ISch00| lUshllj . also have the additional 
properties 

(1) Ham(M,uj)-invariance: ((H) = ((Ho ip) for ip S Ham(M,uj). 

(2) Vanishing: ((H) = if supp(ff) is stably displaceable. 

(3) PB-inequality: There is a C > 

\((H + K)- ((H) - ((K)\ < CyJ\\{H,K}\\ 

where ||-|| is the uniform norm [ EPZ 07, Theorem 1.4] and 'PB' stands for Poisson brackets. 

A subset X C M is displaceable if there is a (p E Ham(M, uj) so that f(X) n X = and X is stably 
displaceable if X x S 1 C M x T*^ 1 is displaceable. 
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One application of Ham(M, u) -invariant symplectic quasi-states is to the study of displaceability of 
subsets |BEP041 IEP061 IEP091 IFOOOllbj . A closed subset I C Mis superheavy with respect to a 
symplectic quasi-state Q if for all H E G°°(M) 

(1) mintf < ((H) < maxH. 

X X 

So in particular if X is superheavy for ( and H\x = c, then C(.ff) = c - Two superheavy sets of the 
same quasi-state ( must intersect, and hence a superheavy set X is non-displaceable if £ is Ham(M,uj)- 
invariant. 

A homogeneous quasi-morphism on a group G is a function /i : G — > R so that nfj,(g) = p(g n ) for all 
n£Z and g £ G, and for some -D > 0: 

(2) K51S2) - M(ffi) - M(52)| < for all gi,g 2 G G. 
See |Cal09[ IKot04] for more information about quasi-morphisms. 

A general construction of homogeneous quasi-morphisms on the universal cover of the group of Hamil- 
tonian diffeomorphisms 

H : Ham(M,uj) -)■ R 

was developed in |EP03[ IEP08[ IFOOOlfb] IOst06[ lUshllj also using spectral invariants. Every element 
in <j) G Ham(M, to) can be generated by some Hamiltonian F : M x [0, 1] — > R that is normalized in the 
sense that J M F(-,t) uj n = for all t. If 4>f denotes the the Hamiltonian isotopy generated by such an F, 
quasi-morphisms built with spectral invariants have the two additional properties. 

(1) Stability: For normalized F,G:Mx[0,l]->R 

f 1 min(F t - G t ) dt < ~ KM f 1 ^ _ 

Jo M l ' ~ vol(M,o;) -Jo m v * ; 

see |EPZ07| Section 4.2]. A quasi-morphism with this property will be called stable. 

(2) Calabi Property: If U C M is open and stably displaceable and if F : M x [0, 1] — > R has support 
in ?7 x [0,1], then 

/x(<M = Calu^p) ■= [ [ FtOJ n dt 
Jo Ju 

where Qaly is the Calabi homomorphism. See [EP03, Theorem 1.3] and [Borl2, Theorem 1]. 

Due to the Calabi property, these quasi-morphisms are often referred to as Calabi quasi-morphisms. A 
stable homogeneous quasi-morphisms fj, on Ham(M, u) induces a symplectic 

f M Hu, n -n(<f> Hn ) 



(3) UH) 

f Hto n 

where H n = H — A u. r — r is normalized. 



vol(M, cj) 



1.1.1. Reduction of symplectic quasi-states and quasi-morphisms. We can now formulate our main the- 
orem. Let (W 2u ,uj) be a closed symplectic manifold equipped with a smooth map $ = ($1, . . . ,&k) '■ 
W -> R fc and a regular level set Z = <I> 1 (0). Suppose that the component functions pairwise Poisson 
commute at each point in Z and that induces a free Hamiltonian T fc -action on Z. Let (M = Z/T k ,uj) 
be the result of performing symplectic reduction and let p : Z — > M be the quotient map. 

Theorem 1.1. If ( : C°°(W,lj) — >■ R is a symplectic quasi-state with the PB-inequality and Z is super- 
heavy for (, then ( naturally induces a symplectic quasi-state 

C : G°°(M,w) -> R 

with the PB-inequality. The H am-invariance and vanishing properties descend from ( to (. IfYcZ is 
superheavy for (, then p(Y) C M is superheavy for (. 
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Suppose jj, : Ham(W, uj) — > R is a stable homogeneous quasi-morphism and Z is superheavy for the sym- 
plectic quasi-state determined by ll. Then ll naturally induces a stable homogeneous quasi-morphism 

Ji : Ham(M,u) -> R 
If li has the Calabi property, then so does Ji. 

See (18) and (20) for the definitions of ( and ft, and see Section [2] for the proof of Theorem 

1.1.2. Closed symplectic manifolds with infinite dimensional spaces of quasi-morphisms and quasi-states. 
In |AM11] , Abreu and Macarini built many examples of non-displaceable Lagrangian tori L C (M, lo) by 
showing that (M, L) is the result of doing symplectic reduction on (W, co) at a level containing a non- 
displaceable Lagrangian torus L C W. So if L is sup erheavy with respect to a symplectic quasi-state C 
on W satisfying the PB-inequality, then Theorem 1 1 . 1 1 provides a symplectic quasi- state £ on M, for which 

to a generalization 



1.1 



L is superheavy. Our second theorem will be an example application of Theorem 
of one the Abreu-Macarini constructions, and in Examples |1.4| and |1.5| we explain how this application 
carries over to all of their examples in |AM11| Sections 5 and 6] . 

For positive a < ^ij, consider the 2n-dimensional symplectic toric manifold (Y 2n ,ui a ) with moment 
polytope 



(4) A™ = I (xi, . • • , x n ) G R n I Xj > , - x 3 ; + 1 > , 2 - (n - l)a > , -J2 x j + na >° 

{ 5=1 3=1 3=2 

(y 2n ,w a ) is obtained from a standard (CP n ,u;) with moment polytope given by 

(xi,...,x n ) £R n \ xj > for all j, -^Xj + l>o\ , 

by performing a small blowup at the point (x±, . . . , x n ) = and a large blowup at the codimension two 
face given by 

x\ = and xi + ■ ■ ■ + x n = 1. 

For positive A < 

(5) the fiber over the point (xi, X2, ■ ■ ■ , x n ) = (a + A, a, . . . , a) 

in the moment polytope A™ for (Y 2n ,uj a ) is non-displaceable. Since being non-displaceable is a closed 

property, it follows that the fibers over diag(a) and (— jF^i a i ■ ■ ■ 5 a ) are non-displaceable as well. 
This non-displaceability result was originally proven for n = 2 by Fukaya-Oh-Ohta-Ono |FOOO10b| 

2a I 
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Figure 1. The moment polytope A 2 for (Y 4 ,co a ) and the interval of non-displaceable 
fibers, where a = |. 



Example 10.3], using Lagrangian Floer theory. In [AM11, Application 7], Abreu-Macarini show how the 
n = 2 case can be proved by showing that each L\ is the reduction of a non-displaceable tori in a larger 
space. 
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We will show that the Abreu-Macarini argument works for general n and furthermore that each L™ 
is obtained by symplectic reduction on a level set that is superheavy for a symplectic quasi-state with 
the PB-inequality that comes from a stable homogeneous quasi-morphism. This leads to the following 
theorem, which is proved in Section |3.2| 



Theorem 1.2. Let (Y 2n , uj a , A") be as in Q, for each torus fiber L™ in ^ there is a stable quasi- 
morphism 

fix ■ Ha7n(Y 2n ,uj a ) — >• R 
for which L™ is superheavy with respect to the associated symplectic quasi-state (\. 

Since the Lagrangian torus fibers L™ are disjoint, it follows from ( 11 ) and Q that for any finite collection 
of A's the associated collections of quasi-morphisms fi\ are linearly independent in the vector space of 
homogeneous quasi-morphisms and the quasi-states (\ are linearly independent in the convex space of 
quasi-states. This implies the following corollary. 

Corollary 1.3. The vector space of homogeneous quasi-morphism on Ham(Y 2n ,u a ) and the convex 
space of symplectic quasi-states on (Y 2n ,uj a ) are infinite dimensional. 

Previous results about infinite dimensional families of quasi-morphisms for symplectic manifold have 
been limited to B 2n and the unit ball cotangent bundle of tori D*T n in [BEP04| Theorem 1.1], and 
certain cotangent bundles [MVZ11, Theorem 1.3]. For closed manifolds the only proven examples have 
been that small blowups of CF n jOT091 Corollary F] and S 2 x S 2 jEPlOl Theorem 1.1] each having 
two distinct quasi-morphisms. Shortly after the first draft of this paper appeared, Fukaya-Oh-Ohta- 
Ono |FO OOTlb| Theorem 1.10] produced infinite families of spectral quasi-morphisms and quasi-states 
for (Y 4 ,u; Q ) and other 4-dimensional examples, and this result was announced in |FOOQllal Remark 
1.2(3)]. This was done by relating spectral quasi-morphisms and quasi-states from deformed Hamiltonian 
spectral invariants with Lagrangian Floer homology and the critical points of deformed Landau-Ginzburg 
potentials. 



Example 1.4. The method of proof for Theorem 1.2 uses Theorem |1 . 1 1 with the following inputs: 



(i) the Clifford torus in CP n is superheavy for a spectral quasi-state, 

(ii) the fiber L k> \ C (X% n ,LU\) from Theorem 1.6 is superheavy for a spectral quasi-state, and 



(iii) products of these quasi-states given by the comments in either Section 2.3 or Corollary 3.2 



Using only these inputs, the method of proof for Theorem 1 1 . 2 1 applies verbatim to every non-displaceable 
toric fiber obtained by Abreu-Macarini AMI 1 . Section 5]. In fact, the only fiber from (ii) that is used 
is Lo,a from (Xq u ,uj\) = (CP n #CP ,^x), a toric blow-up of the standard CP™ with a small exceptional 
divisor. 

Example 1.5. The non-Fano examples in |AM1H Section 6] are based on the non-displaceability of the 
special centered torus fiber in a weighted projective space. Since stable quasi-morphisms or quasi-states 
on weighted projective spaces have not yet been constructed, the required inputs do not currently exist 
to directly apply Theorem |1.1| to these examples. The use of weighted projective spaces can be avoided 
in the following way. 

In the first example [AM11, Application 9], Abreu-Macarini show that there is a non-displaceable toric 
fiber L k in each Hirzenbruch surface H k := P(0(-k) © C) ->■ CP 1 for k > 2. The fibers L k C H k for 
k > 2 are stems [ABM12, Proposition 2.3.1], meaning that any other Lagrangian toric fiber L C H k is 
displaceable, and hence by Entov-Polterovich |EP09[ Theorem 1.8] the fiber L k is superheavy for any 
symplectic quasi-state on H k . 

For the other example |AM11[ Application 10], one can see that it is possible to obtain the resulting 
manifold as the reduction of H2 x Xq such that the identified Lagrangian fiber is the reduction of 
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L k x Lo,a, which is superheavy for a product quasi-state using the comments in Section 2.3 Hence each 
Lagrangian fiber in |AM1H Application 10] is superheavy for a quasi-state built by applying Theorem [Li] 



It is an open question if the reduction procedure from Theorem 1.1 preserves spectral quasi- morphisms and 
quasi-states built by Fukaya-Oh-Ohta-Ono [FOOOllb] and Usher |Ushll] . Namely, if a quasi-morphism 
[i on (W,u) is associated to the idempotent a S QH(W,oj), then is the reduction Ji on Ham(M,u) 
associated to some a € QH(M,ui)? The Entov-Polterovich construction of quasi-morphisms |EP08 
using the small quantum homology algebra requires an idempotent e G QH2 n (M 2n ,uj) that gives a 
field summand in the small quantum homology algebra over the field K of generalized Laurent series. 
Since QH2 n (M 2n ,uj) is finite dimensional over K, it is impossible for there to be an infinite family 
of Entov-Polterovich quasi-morphism for which Theorem |1.2| holds, despite the fact that the quasi- 
morphisms /iA in Theorem \1.2\ are built by reducing Entov-Polterovich quasi-morphisms. There are no 
such finiteness limitations when constructing quasi-morphisms using the big quantum homology algebra 
as in |FOOQ llb| lUshllj due to the choice of bulk-deformations. 

1.1.3. A method for finding different superheavy fibers. Our third result, which is a necessary ingredient 



to the proof of Theorem 1.2 demonstrates how Ostrover and Tyomkin's [OT09 method for finding 



distinct spectral quasi-states can also be used to find different superheavy toric fibers when combined 



with McDuff's method of probes |McD09, Lemma 2.4]. The proof appears in Section 3.1 

Let (X% n ,uj\) be the toric manifold obtained by blowing up a /c-dimensional face in the moment polytope 
of CP n , so (X 2n ,uj\) has the moment polytope 

!n n 
( Xl ,...,x n ) er i Xi >o, -£>i + i >o, xi-x>o 
1=1 i=fc+l 

Theorem 1.6. For positive A < n ~^ 1 > ^ e toric manifold (X% n ,u\) has two non-displaceable toric 
fibers: The Clifford torus L c , which is the fiber over diag(^Tj-) in A , and the the fiber near the blow-up 

Lk,\ = {xi = ■ ■ ■ = x k = ^(1 - A^j,^) , x k+1 = ■■■ = x n = 

There are two symplectic quasi-states Q c and Ck,\ on (X^^x), coming from stable quasi-morphisms, such 
that L c is superheavy for Q c and L k \ is superheavy for ( k \ . 



Note that when A = " w ^ 1 1 , the two fibers in Theorem 

-k-i 



1.6 



are equal and this corresponds to the monotone 

case. For large blowups n ~1^ L < A < 1, the fiber 
(6) L s = |xi = • • • = x k = ^0 , x k+ i = ... = x n = ^\.^ k l 2 ) } 

is a stem, meaning that every other fiber is displaceable, which can be verified by McDuff's method 
of probes |McD09 . In particular the fiber L s is superheavy for any symplectic quasi-state by |EP09, 
Theorem 1.8]. For the case of blowing up a point (CP n #CP n ,cj A ) = (X$ n ,ujx), the non-displaceability of 
the fiber near the blowup was proved by Cho |Cho08| Section 5.5] and Fukaya-Oh-Ohta-Ono |FOOO10at 
Example 6.2], and the existence of distinct quasi-states and quasi-morphisms was proved by Ostrover- 
Tyomkin |()T091 Corollary F]. 

We highlight this result because its method of proof generalizes to finding superheavy fibers for other 
non-monotone symplectic toric Fano manifolds. For instance it is possible to show that for certain facet 
symmetric symplectic toric Fano manifolds considered by Maydanskiy-Mirabelli [MM11, there are dis- 
tinct quasi-states with disjoint superheavy Lagrangian toric fibers. Previous explicit non-displaceability 
results for moment map fibers of toric manifolds that used quasi-states, tended to be in the mono- 
tone setting |EP09] or required finding a stem |EP06] . The proof is also similar to the methods used 
in Lagrangian Floer homology that relate critical points of the Landau-Ginzburg potential, and its 
various deformations, to non-displaceable fibers of the moment map of a symplectic toric manifold 
jFOOOlOal iFOOOlObl IFOOOllal iFOOOllbl IWW11I IWoollj . 
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1.2. Notations and Conventions. In this paper (M 2n ,u;) will always be a closed symplectic manifold. 
A Hamiltonian H £ C°°(M) determines a vector field sgradi? on M by 

cj(sgradi7, •) = — dH 

and in this manner any time-dependent Hamiltonian F:Mx[0,l] — > M gives an isotopy 4>f = {/t}te[o,il- 
The collection of all maps f\ obtained this way is the Hamiltonian group Ham(M,oj). 

Denote by H(M,u) C C°°(M) the set of functions normalized to have mean zero J M Huj n = and 
*H(M,uj) can be thought of as the Lie algebra of Ham(M,uj) with the Poisson bracket 

{H, K} = w(sgrad K, sgrad H) = (Iff (sgrad K). 

The space of smooth paths based at the identity V 'H am{M , oj) , can be identified with VH(M,lj), the 
space of functions F : M x [0, 1] — > M such that Ft £ T-L(M,oo) at all times. The group structure of time- 
wise product on VHam(M,uj) carries over to VH(M,oj) as (f>F<f>G = 4>f#g and (ftp 1 = (f) F where 

(F#G)(x,t) = F(x,t) + G(ff 1 (x),t) and F(x,t) = -F(f t (x),t). 

The universal cover Ham(M, u) is VHam^M, uS) where paths are considered up to homotopy with fixed 
endpoints. 



1.3. Symplectic quasi-states and quasi- morphisms in symplectic topology. We will start by 
briefly sketching the construction for quasi-states and quasi-morphisms using spectral invariants from 
Hamiltonian Floer homology and the quantum homology algebra QH(M,u), as developed in |EP03, 
IEP06| IOst06| IEP08| lUshlll IFOOOllbj . We will be a bit vague, since while the outline below remains 
the same, the conventions and types of spectral invariants vary between authors. Given an element 
a £ QH(M,uj) in the quantum homology algebra, there is an associated spectral invariant defined in 
terms of Hamiltonian Floer theory, which is a functional 

c(a,-) : C°°(M x [0,1]) ->■ R. 

These spectral invariants have the inequality 

c(o * b, F#G) < c{a, F) + c{b, G) 

where a * b is the quantum product in QH(M,u). Therefore if e is an idempotent, e = e * e, then one 
has a triangle inequality 

c{e,F#G) < c(e,F) + c(e,G). 
For an idempotent e, one can form /i(e, •) : C°°(M x [0, 1]) — > M. where 

(7) Ke,F)= f 1 ( F(x,t)uj n dt-vol(M,uj) lim C ^'f # ^ , 
which descends to a function 

(8) yLt(e, •) : Ham(M,oj) -)■ R. 

As it is nicely laid out in [Ushll , Theorem 1.4], if e G QH(M,uj) is an idempotent and there is a uniform 
bound for the associated spectral norm, meaning that for all F E C°°(M x [0, 1]) 

(9) c(e,F) +c(e,F) < C, 

then |u(e, •) : Ham(M,u]) — > R is a homogeneous quasi-morphism. As observed by McDuff and explained 
in [EP08 , the arguments in [EP03 j show that if an idempotent e splits off a field summand from QH(M, u) 
then ([9| is satisfied and hence //(e, •) is a quasi-morphism. We will call any quasi-morphism built this 
way a spectral quasi-morphism. Using ([3]), such spectral quasi-morphisms induce spectral quasi-states 
via 

(10) C( e > •) : C°°(M) -4- R where £(e,F) = lim c ^ e ^ F "> 
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Usher has proved that spectral quasi-states and quasi-morphisms exist on any closed symplectic toric 
manifold and on any closed symplectic manifolds blown up at a point (Ushlll Theorem 1.6]. Recently 
using an entirely different construction, Shelukhin built a quasi-morphism on Ham(M, cj) for any closed 
symplectic manifold [Shell, Corollary 1]. However Shelukhin's quasi-morphisms are not stable and do 
not induce quasi-states, so Theorem 1 1 . 1 1 does not apply to them. 

While applications of quasi-morphisms have tended to focus on the algebraic structure of Ham(M, to) and 
its geometry with respect to the Hofer metric jBEP041 IEP03I IEPP09I ILR10| IMcD10| iPoIOHj . applications 
of symplectic quasi-states have been geared towards studying various rigidity phenomenon in symplectic 
topology. For instance the PB-inequality is a manifestation of the C°-rigidity of Poisson brackets first 
observed in |CV08] and it is the main tool used to lower bound the Poisson bracket invariants recently 
introduced in |BEP12] . 

The other application of symplectic quasi-states has been to the study of displaceability of subsets via 
Hamiltonian diffeomorphisms Ham(M,uj), which has been undertaken in [BEP04J IEP10| IEP06| [EP09, 
IFOOOllb] . As explained above Q, there is the notion of a closed subset X C M being superheavy with 
respect to a symplectic quasi-state £, and being superheavy implies non-displaceable if ( is Ham(M,u))- 
invariant. Example results proved with this method are that the moment map for any finite dimensional 
Poisson commuting subspace of C°°(M) must have a non-displaceable fiber [E P06| Corollary 2.2] and 
for Hamiltonian T fc -actions on a monotone (M 2n ,ui) a special non-displaceable fiber is identified |EP09, 
Theorem 1.11]. 

Finally we note that the inequality ([TJ defining a set to be superheavy with respect to a symplectic 
quasi-state has a corresponding notion for stable quasi-morphisms on Ham(M,Lu). 

Proposition 1.7. Let fj, : Ham{M) — > R be a stable homogeneous quasi-morphism. A closed subset 
X CI M is superheavy with respect to the associated symplectic quasi-state if and only if \x restricted 
to HamM\x{M) is the Calabi homomorphism. In general we have the bounds 

(11) - max F t < ,ff;, < - min F t 

v ' x,t vol(M) ~ x,t 

for any F S VH(M) if X C M is superheavy for 

The 'if part of the 'if and only if claim follows directly from the definition of This proposition, which 



is proven in Section 2.6 shows that the Calabi property for \i and the vanishing property for £^ are the 
same thing. 
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2. Proving Theorem 11.11 



In this section, let (W , uj) be a closed symplectic manifold equipped with a smooth map $ : W — > Mr, a 
regular level set Z = <& _1 (0) such that all component functions ^ Poisson commute on Z, and induces 
a free Hamiltonian T fc -action on Z. Let (M = Z/T k ,uj) be the result of performing symplectic reduction 
and let p : Z — > M be the quotient map. As we will explain in Section 2.4 without loss of generality 
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we can assume that <5 induces a free Hamiltonian T -action in a neighborhood of Z without changing 
the original free Hamiltonian T fc -action on Z. It follows from the equivariant coisotropic neighborhood 
theorem that any two such models are locally T fc -equivariantly symplectomorphic near Z. 

The proof of Theorem 1 1 . 1 1 will be in the spirit of |Borl2j . so we will introduce a linear, order preserving 



map in Section 2.4 



(12) 9 : C°°(M) C°°(W) 

in order to pull quasi-states and quasi-morphisms for W back to M . The main properties of are 



collected into the following lemma, which is proved in Section 2.5 

Lemma 2.1. The map preserves the property of having zero mean and hence can be viewed as a map 

(13) 6 : VH{M) -»• PH(W). 
Functions in the image of Poisson commute with 

(14) {0(F), $0 = onW. 



Therefore a Hamiltonian diffeomorphism generated by a Hamiltonian in the image of (13) preserves Z 
and all other level sets of <£. 

At points in Z, the map acts like p* : C°°(M) — >• C°°(Z) and respects the Poisson brackets, meaning 

(15) @{F)\ z = Fop and {0(F), @{G)}\ Z = 0({F, G})\ z . 

If the Hamitlonian isotopies {gt} 6 VHam(M) and {gt} S VHam{W) are generated by Gt and Q(Gt), 
then 

(16) g t o p = pog t : Z ->• M. 

For F G C°°(M), if supp(F) C M is (stably) displaceable in M, then supp(0(F)) C W is (stably) 
displaceable in W. 

The term measuring the failure of® : VH(M) — > VH(W) to be a homomorphism 



(17) S(F#G) # (0(F)#0(G)) :Wx[0, 1] 



vanishes on Z. This also holds for larger products as well, in particular for 0(F# fc ) $ (0(F)* fc ). 

2.1. Theorem |1.1| for symplectic quasi-states. Let £ : C°°(W) — > M. be a symplectic quasi-state 
with the PB-inequality and assume that our regular level set $ _1 (0) = Z is superheavy with respect to 
£. For any as in (11 21) , define the functional 



(18) C-C°°(M)^R by C(^) = C(e(F)) 

to be the pullback of £ by 0. We will need the following lemma, which is prov ed in Section [2 .5| to prove 



that £ is a symplectic quasi-state. Note that the second claim in Lemma 2.2 proves that F i— > £(0(F)) 



is independent of 0, provided that satisfies Lemma 2.1 



Lemma 2.2. If H,K € C°°(W) Poisson commute with then 



(19) \C(H + K) — C(H) - C(K)\ < Cy/\\{H, K}\. 

and if H = K on Z as well, then C{H) = C{K)- 



Proof that £ is a symplectic quasi-state. The normalization condition for £ follows from the fact (15) that 
®{F)\z = F o p and that Z is superheavy for £. The monotonicity condition follows by construction. 
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For F, G G C°°(M), it follows from Lemma 2.1 that 0(F) and 0(G) Poisson commute with $ and hence 
by Lemma |2.2| that 

C(F + G) - ((F) - C(G) = |C(e(F) + 6(G)) - C(©(F)) - C(©(G))| 



< c y\\{ @ ( F ),®( G )}\z\ 

= CJ\\{F,G}\\ 



where we used ( 15 ) for the last line. Therefore £ has the PB-inequality, which implies quasi-additivity. □ 



Proof of additional properties of £. Suppose that X C Z is superheavy for £. For any function F G 



C°°(M) such that F\ p tx) — c ) then by (15) we have that ©(F) |x > c. Therefore since X is superheavy 
for £ it follows that 

C(F) = C(9(F)) > c 

and hence p(X) is superheavy for £. 

Let g t G Ham(M) be generated by G t G G°°(M) and let g t G Ham(W) be generated by &(G t ). If follows 



from (15) and (16) in Lemma 2.1 that on Z 

Q{F o g t ) = 9(F) o g t . 
Therefore if (" is .ffam( VF)-invariant, then by Lemma |2.2| if follows that 

C(F o gi) = C(9(F o gi )) = C(9(F) o g x ) = C(9(F)) = C(F) 
so C is .£/am(M)-invariant. 

That the (stable) vanishing property passes from £ to ( follows from the last item in Lemma 



claim about superheavy sets follows from construction due to the first item in (15). 



2.1 



The 

□ 



2.2. Theorem |l.l| for stable quasi-morphisms. Let /u : Ham(W) — > R be a stable homogeneous 
quasi-morphism and assume that our regular level set <E> -1 (0) = Z is superheavy with respect to the 



quasi-state determined by fi. For any as in (12), define 
(20) /2 : Ham(M) -> 



where F G VH{M) is any Hamiltonian generating y> G Ham(M). The constant ~}t^ ensures that /i 
will have the stability property with the constant vol(M). 

Observe that if and 0' both satisfy Lemma |2.1| then 

0(F)#0'(F) vanishes on Z. 



By Proposition 1.7 and the quasi-morphism property of p, independently of F, /i(0(F)) and /u(0'(F)) 
are a bounded distance apart. Therefore if fx is a homogenous quasi-morphism, then it is independent of 



the used, provided satisfies Lemma 2.1 



The proof that ft defines a stable homogeneous quasi-morphism is similar to the proof of |Borl2[ Theorem 
4], where the group theory lemmas in [Borl2l Lemma 17 and 18] are combined with the following lemma, 
which is proved in Section [2 .5| and generalizes |Borl2| Lemma 21]. 



Lemma 2.3. Let (Wi,ui) and (H^,^) be compact symplectic manifolds and let Z C W2 be a closed 
submanifold. Suppose that : VH{Wi) — > V'HiyV'i) is a linear map such that for any F G H(Wi) the 
vector field sgrad 0(F) 2 is tangent to Z for all z G Z, and for F, G G %{Wi) 

0({F,G})| z = {0(F),0(G)}| z . 
// F G VH(Wi) generates a null homotopic loop [4>f] = 1 in Ham(Wi), then 
(21) [</>@(jr)] = [4>k] cls elements of Ham{W2) 
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for some K £ VH(W 2 ) that vanishes on Z . 



Proof that \i is a stable homogeneous quasi-morphism. It follows from (17) in Lemma 2.1 and (11) in 
Proposition L7 that 

^{(t>e\ F#G )<Pe(F)(t)e(G)) = 0. 
Therefore by |Borl21 Lemma 17] the pullback of fx by 9 : VHam(M) ->• VHam(W) 

9> : VHam(M) -> R by F i-> /x(^ e(F) ) 
is a homogeneous quasi-morphism. 

It follows from (21) in Lemma 2.3 and ( |11[ ) in Proposition |L7| that 0*fi VHam(M) — > M. vanishes on 
elements in the kernel of the quotient map VHam{M) — > Ham{M). Hence by |Borl2l Lemma 18], O* \i 
descends to a homogenous quasi-morphism 

(1 : Ham{M) -> R 



that after rescaling is given by (20). 

The stability of fx follows from the stability of \i since for normalized functions F,G £ %{M) 



min(F — G) = mm(@(F) - 9(G)) 
M W 



and likewise for max. 



□ 



Proof that the Calabi property passes from /i to jl. By checking on normalized Hamiltonian, one can ver- 
ify that the quasi-state Cp, formed from jj, and the quasi-state ^ formed by reducing Cfi are equal. If fj, 
has the Calabi property, then has the vanishing property and hence so does = £n. Therefore by 
Proposition |1.7| it follows that jl has the Calabi property. □ 



2.3. Products for symplectic quasi-states and quasi-morphisms. Any naive notion of taking two 
symplectic quasi-states Ci on (Mi, wi) and £2 on (M2, U2), and forming their product symplectic quasi-state 
Ci Kl C2 on (Mi x M2, u\ © C02) would include the following property 

(22) (Ci B C 2 )(i ? i + F 2 ) = Ci(Fi) + UF2) 



where Fi £ C°°(Mj). As shown in the proof of |EP09, Theorem 1.7] if Xi C Mj is superheavy for Q, 
then property ( 22 ) implies X\ x X2 C Mi x M2 is superheavy for (1^(2. The corresponding identity for 



quasi-morphisms \ii on Ham(Mi,uji) is 
(23) 

for FiCmiM^oJi). 



Ml (M) +M2(0F 2 ) 



In general there is no way to form the products Ci B ^2 and ^1 B //2 for abstract symplectic quasi-states 
and quasi-morphisms, but in favorable circumstances one can form the product of spectral quasi-states 
and quasi-morphisms. Suppose one has that 



(24) 



QH 2ni {M 1 ,u x ) ®^QH 2n2 {M 2 ,uj 2 ) = QH 2ni+2n2 (M 1 x M 2 ,wi ©w 2 ) 



as K-algebras, where K is algebraically closed. Then if £ QH 2lli {Mi,Ui) split off fields, then they must 
be 1-dimensional since K is algebraically closed and (24) ensures that e\ ®e 2 still splits off a field. In this 



case, it follows from |EP09| Theorems 1.7 and 5.1] that products such as (22) and (23) exist for spectral 



quasi-states and quasi-morphisms using the Entov-Polterovich construction. In Corollary 3.2 below we 
give a different proof that such products always exist for spectral quasi-states and quasi-morphisms using 
the Entov-Polterovich construction in the case of symplectic toric Fano manifolds. 



It turns out that the property of being able to form products such as (22) and (23) is preserved by the 
reduction procedure of Theorem |1.1| 
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Proposition 2.4. In the setting of Theorem \l.l\ suppose that the symplectic quasi-states Q on (Mj,u)j) 
are the reduction of symplectic quasi-states Q on {Wi,uii). Suppose that there is a product symplectic 
quasi-state Ci KIC2 on (Wi x Vt^cJi ©cj 2 ), which satisfies (|22[) and the PB-inequality. Then the reduction 



Ci K (2 defines a product symplectic quasi-state Ci ^ C2 that satisfies (22). The analogous result holds for 
stable quasi-morphisms. 

Proof. If Zi = <&~ (ci) are the respective superheavy regular level sets, which one reduces to form (Mi, uji), 
then Z\ x Z 2 = (3>i x 3> 2 ) (ci, c 2 ) is a regular level set and it is superheavy for (j M (2- Therefore 
Theorem |l.l| applies and one can form its reduction (j K£ 2 , which will be a symplectic quasi-state on 
(Mi x M 2 ,wi ©cj 2 ). Now for £ C°°(Mi), one has that 



(Ci H C 2 )(i ? i + F 2 ) = (Ci B C2)(®(Fi) + e(F 2 )) by definition 

= (Ci^C2)(e 1 (F 1 ) + e 2 (F 2 )) 



= Ci(0i(Fi)) + C 2 (e 2 (F 2 )) by (|22) 

= Ci (Fi ) + C2 (F 2 ) by definition 

where in the second equality, we switch from cutoff functions centered on Z\ x Z 2 to cutoff functions 
centered on Z\ x W 2 and W% x Z 2 . This is permissible since Z\ x Z 2 is superheavy for (1^(2. The proof 
for stable quasi-morphisms is analogous. □ 



2.4. A local model for regular level sets of moment maps and the construction of the map 0. 

As described in |Gin071 Example 2.3], our regular level set Z, on which induces a free Hamiltonian Tr- 
action, is a stable coisotropic submanifold of W. In particular there are T fc -invariant 1-forms a±, . . . 
on Z so that for ujq = oj\z 

(25) aj(sgrad $j) = <Jy ker un C ker dai ot\ A . . . A a k A (w ) n ~ fc / . 

Let 7r : Z x R k — > Z and r : Z x R k — > R k be the projections, then in a neighborhood U of Z xO C Z xR k 
the following 2-form is symplectic 

k 

(26) 2 = tt*uj + ^2 d ( r i K*a.i) with (sgrad = (sgrad $i) z and £%xo = uj . 

i=l 

Furthermore the neighborhood can be chosen so that 

r : (U, 2) -)• M fc 

is the moment map for a free Hamiltonian T fc -action, since the Hamitlonian action of r on the level set 
Z x p is the same as <£'s Hamiltonian action on Z. By the coisotropic neighborhood theorem there is a 
symplectomorphism 

(27) ip ■ (U,uj) — > (U,uj) that is the identity on Z 
for some neighborhood IA of Z C W and by replacing $ with 

rof (Z/.w) -^M fe , 

we can assume that $ gives a free Hamiltonian T fc -action in a neighborhood of Z, as was promised at the 
beginning of Section [2] 

Let (M = Z/T k ,ui) be the result of applying symplectic reduction and let p : Z — > M be the quotient 
map. Given F £ C°°(M), we can lift it to the T fc -invariant function p*F on Z and then 7r* p*F on Let 
: M fc — >■ [0, 1] be a smooth function supported near r = such that 9(0) = 1, then we can define 

(28) 9 : C°°(M) -> C£°(E7) by e(F) = 9 • ir* p* F 

where # is a function of the r variable and n*p*F is a function on IA. Using the symplectomorphism ij), 
we can view as a map 

e : c°°(m) -»• c°°(wo 
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and this will be the in (|12|). 
2.5. Proofs of Lemmas 



2.1 



2.2 



and 



2.3 



The first lemma will be proved in a local model U C Z x 
where : C°°(M) — >■ C°°(U) is given by (28). For ease of exposition we will think of U as Z x IR fc and 



recall that under the local model is identified with the projection r : Z x 
Proof of Lemma 2.1 In the local model (Z x M fc ,u;) from (26), 



CO 



DdnA da\ A • • • A dr k A a k A fe 



so integration over the fiber gives 

9(F) u r 



Zxl 



n 

\ k / 
n 

,k, 



9(r) dr I p*F da\ A • • • A da k A w " 
Jz 



n—k 



n—k 



This can be summarized as 
(29) 



w 



®{F) uj n 



9(r)dr / F uj 



vol(M) 



Fu) n ~ k 



and hence preserves the property of functions having zero mean. 



The relation (14) holds because r\,... ,r k ,p*F pairwise Poisson commute. The first claim in (15) follows 
by construction, and the second follows since at points in Z = Z x C Z x ~R k , 

(30) p*ir* sgrad(0 • vr*/j*F)( 2j0) = sgrad(F) p(z) . 



The identify (16) follows from (30) since in the local model 

dt{p °Kog t ) = sgrad(Gi 
at points in Z, which is the same ODE that g% o p o n satisfies. 



pOTTOgt 



It follows from (16) that IcMis (stably) displaceable only if 

p^{X) C Z xR k 

is (stably) displaceable. By picking a 9 with small support, we can make it so that supp(0(.F)) is 
contained in any neighborhood of 

p" 1 (supp(F)) cZxl' 
so if supp(F) C M is (stably) displaceable, then so is supp(0(F)). 



For (17), let ft, ft, and (fg) t be the Hamiltonian paths generated by F, @(F), and Q(F#G), then 



G(F#G) # (9(F)#e(G)) = (-9(F#G) + 9(F)#0(G)) o (fg) t 



which vanishes on Z = Z x where 



9 (-G o f t 1 opo7r + Gopo7ro/ ) 



ft 1 O pOTT = POTTOS 1 



-1 



(fg)v 



by (16). The proof for larger products is the same. 



□ 



Proof of Lemma 2.2. Let 9 : M fc — > [0, 1] be any smooth bump function centered around with 9(0) = 1. 
By precomposing with <£, we can view 9 : W — > [0, 1] as a bump function centered on Z. Since {H, 9H} = 
0, by quasi-linearity of £ we have 

(31) C(H) - C(0H) = C((l - 9)H) = 

where the last equality follows since Z is superheavy for Q and 9 = 1 on Z. 
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Now let 9 e be a family of such bump functions where 9 € is supported on a ball of radius e in R fc . Since H 
and K Poisson commute with 3>, 

{9 e H,9 e K} = 9 2 t {H,K} 

and hence as e — > we have 

]hn\\{e e H,9 e K}\\ = \\{H,K}\ z \\. 
Therefore using the PB-inequality for £ gives 

\((H + K)- ((H) - ((K)\ = \((9 t H + 9 e K) - ((9 e H) - ((9 e K)\ 

<cJ\\{9 € H,9 e K}\\. 



Taking the infimum over e of the upper bound gives (19). 

For the second claim, we use the same method. Namely by ( |31[ ) and that ( is Lipschitz in the C°-norm, 

\((H) - C(K)\ = \((9 e H) - ((9 e K)\ < \\9 e H - 9 t K\\ . 
Since H = K on Z, it follows that lim e _>.Q \\9 e H — 9 e K\\ = and hence ((H) = ((K). □ 



Proof of Lemma 2.3 By assumption we have a homotopy iff of loops based at 1 in Ham(W\), between 
<j)p = {v7t}te[o,i] an d the constant loop 1 = {v?t}te[0,il- For s fixed, let Ff : W\ — > R be the Hamiltonian 
in VH(Wi) generating the Hamiltonian loops {^llte^i] i n Ham(Wi), via 

dt(ft = (sgrad Ff)^ with initial condition (/?q = 1. 

Note that F t ° = F t and Fj = 0. While for t fixed, let Gf : W\ -» R be the Hamiltonian in VHiyV{) 
generating the homotopy, namely the Hamiltonian path {(ft} s e[o,i] m Ham(Wi), via 

d s (p s t = (sgrad Gf) v s with initial condition {<ft}t = 

Note that since <£>g = <p\ = 1, that Gq = G\ = 0. The two Hamiltonians are related by |Ban78| 
Proposition 1. 1.1] 

(32) d s F t s = d t G s t + {F t s ,G s t }. 

Fixing s, the Hamiltonian Q(Ff) : W2 — > R in VHiy/2) will generate a Hamiltonian path {ipf }te[o,i] i n 
Ham(W2), via 

StV't = (sgrad Q(Fl))^s with initial condition tpQ = %. 
As s varies, VI wm be a homotopy of Hamiltonian paths in Ham(W2), between the paths 4>q(f) = 
{V? }te[o,i] an d 1 = {Vtltep,!]- However this will not be a homotopy of loops, since in particular 4>q(f) 
may not be a loop. Letting t be fixed, let Hf : W2 -> K be the Hamiltonian in VH(W2) generating the 
Hamiltonian path {V'f}se[o,i] m Ham(W2), via 

d s ^f = (sgrad H^)m with initial condition = 4>@(f)- 



Just as in fl32| ), we have that H s = L : W2 x [0, 1] — >■ R is solution to the PDE 
(33) d s 9(F/)=d t L + {9(F/),L}. 



By the assumption that (sgrad Q(F^)) Z 6 T^Z for all z £ Z, it follows that (33) can also be seen as a 
PDE for functions L : Z x [0, 1] ->• R. Applying 9 to ((32) gives 

(34) 0.0(i?) = $0(G?) + 9({F/, Gf }) 
which on Z becomes 

(35) d s e(F t s ) = d t e(Gf) + {@(F t s ), @(G s t )}. 



Therefore the Hamiltonians Hf and @(G S ) both satisfy the PDE (33) as functions Z x [0, 1] — > R. Since 
we have the boundary data Hq = Q(Gq) = on Z x 0, it follows by the method of characteristics for 
PDEs that 

H s = Q(G S ) : Z X [0, 1] -> R. 
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Figure 2. Left: The homotopy of loops in HamiWi) between (j)p = {<ft}t and the 
constant loop 1. Right: The two parameter family in Ham{W2j given by applying to 
the homotopy of loops. We construct a homotopy with fixed endpoints between the 
paths 4>Q{F) = {V'flt and rj = {ipl~ u } u in Ham(W 2 ). 

Since G\ = it follows that Hf vanishes on Z. 

The path of normalized Hamiltonians {— Ffi~ u } u e[o,i] generates the path {rj u = iPi~ u }ue\o,i] m Ham(W2), 
which starts at rjo = = 1, using that rpj = 1, and ends at r\\ = ipi- Observe that = ipf^st is a 
homotopy of paths in Ham(W2), between the paths 

0e(F) = {*? = ^t°}ts[0,l] and 7/ = = r/t}te[0,i]- 
The homotopy of paths fixes the endpoints 

tfg = l and ^l = rp s lVs =^, 

so we have proved that [0e(F)] = t 7 ?] in Ham(W2)- Since r\ is generated by the path of normalized 
Hamiltonians —H\~ u , which vanish on Z, we are done. □ 

2.6. Proof of Proposit ion [l . 7[ Recall that here (M 2n , u) is a closed symplectic manifold, fi : Ham(M) — 
M is a stable homogenous quasi-morphism, and X C M is a closed superheavy set for 



Proof of Proposition \1.7\ We will first prove (11 ). Let F G VH(M) be such that F^x < C for all i and 

: C and F t ; 

C = UG) 



let G £ C 1O0 (M) be such that G\x = C and Ft < G. Since X is superheavy for it follows that 

f M Gu n -^ G 



vol(M) 

so m(0G„) = f M Gu) n -C vol(M). Therefore by stability 

M0cO - A*(0f) < vol(M) [ max(F - G n )dt < I Guf 1 



JM 



and hence 

-Cvol(M) < 



The other inequality in (11) is proved similarly. 



Now let us prove that \i restricted to Hamjj(M) is the Calabi homomorphisms, where U = M\X. Given 
F : M X [0, 1] ->• K where supp(F) C f7, pick an H G "H(M) such that supp(dff) n supp(F t ) = and 



H\x = 1. It follows from (11) that h(4>h) = — vol(M), and if one sets X(t) = vol ( M ) f M F t ui n , then it 



follows from |Borl2, Lemma 22] that 



K4>xh) = - vol(M) / X(t) dt = - f 1 [ F t u n = - Cal(F). 
Jo Jo Jm 
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The normalized (F t ) n = F t — X(t) is equal to — X(t) on X. Since by design {F t ,H} = 0, it follows that 
XH#(F) n = XH + (F) n vanishes on X and therefore fj,(cj)xH#(F) n ) = 0- Since <p\H and 4>[F) n commute, 
using that quasi-morphisms are homomorphisms on commuting elements we have 

M</>(F)J = K<Pxh#(F)J ~ K<Pxh) = Cal(F) 

so /i restricts to the Calabi homomorphism on Hamjj(M). □ 



2.7. The relation between Theorem |1.1| and the results in |Borl2j . Let us briefly explain the 
relation between Theorem 1 1 . 1 1 and the main results in the paper Borl2, Theorems 4 and 5]. In the setting 
of |Borl21 Section 3.1], one has a symplectic quasi-state or quasi-morphism on a symplectic disk bundle 
(E, lo) —7- (£, a) that is build from a prequantization space for the closed symplectic manifold (X, a). The 
disk bundle has a radial function r 2 : (E, uj) — > M, that induces a free 5 1 -action away from the zero section 
and performing symplectic reduction on a level set of r 2 recovers (£, a) up to scaling the symplectic form. 
Therefore if one knew that a certain radial level of the disk bundle was superheavy, then one could apply 
Theorem to achieve the results of |Borl2| Theorems 4 and 5] . However in |Borl2] such knowledge 
about superheavy level sets is not required, instead due to the special relationship between u and a, 
we are able to build a function : C°°(S) — > C°°{E) that globally preserves Poisson commutativity. 
Furthermore, the failure of O to be a Lie algebra homomorphism can be localized arbitrarily close to the 
boundary of the disk bundle and in this way one can ensure that any failure happens in a small open 
region whose complement is superheavy. 

In contrast to the global in |Borl2| . in this paper we work locally on the level set Z and take full 



advantage of the fact that Z is superheavy. This is epitomized by the proof of Lemma 2.2 where we 
only need that is a Lie algebra homomorphism on the level set Z. In the setting of Theorem in 
general it is impossible to build a that preserves Poisson commutativity off of Z, due to the interaction 



between tt*ujo and the curvature terms d(riir*ai) from (26), which perturb the symplectic form as one 
moves away from Z. This complication does not occur in the case studied in l >oi 12 . where what happens 
is equivalent to dai being a scalar multiple of ujq. 



3. Proving Theorem IL2J and Theorem LL6 



As demonstrated by Abreu-Macarini [AM11, Application 7], one can prove that each fiber in the interval 
in Figure [l] is non-displaceable using that the fiber near a small blowup of CP 2 is non-displaceable. As we 
will explain, their construction generalizes to the higher dimensional examples (Y 2n ,Lo a , A") that appear 



in Theorem 1.2 However, in order to invoke Theorem |1.1| to prove Theorem |1.2| we will need to prove 
that the fiber near a small blowup of CP n is superheavy for a spectral quasi-state and quasi-morphism, 
which is a special case of the Theorem 1.6 where k = 0. We will prove Theorem 1.6 in Section 3.1 and 



we will then prove Theorem 1.2 in Section 



3.2 



3.1. Finding superheavy level sets. Ostrover and Tyomkin in |OT09| Corollary F] showed that a 
small blowup of CP™ has two distinct spectral quasi-states and quasi-morphisms. They prove it for 
n = 2, but their method generalizes. Their proof proceeds by computing the quasi-morphisms on a loop 
of Hamiltonian diffeomorphisms generated by the torus action using McDuff and Tolman's |MT06 com- 
putation of the Seidel element. In fact Ostrover and Tyomkin's method, when combined with McDuff 's 
method of probes |McD09, Lemma 2.4], can be effectively used to identify superheavy fibers of moment 
maps of symplectic toric Fano manifolds. 

Ostrover and Tyomkin begin by finding a nice presentation of the quantum cohomology ring for symplectic 
toric Fano manifolds, which allows one to read off the idempotents and the field summands. Recall that 
a symplectic toric manifold (M, uj) is Fano if it is deformation equivalent through toric structures to one 
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that is monotone. Denote by 

lv = < ^2 a A'S A | a\ G C,and {A | a\ ^ 0} C E is discrete and bounded below 

the algebraically complete field of generalized Laurent series in the variable s. This field has a non- 
Archimedian valuation 

(36) v : -> R U {-oo} where v (JT a A s A ) =- min( A | a A ^ 0), 

where under the convention that i/(0) = — oo, one has 

v{x + y) < max(^(x), v(y)) and v(xy) = i/(x) + u(y). 

There is an isomorphic field where one replaces 'bounded below' with 'bounded above' and the 
valuation is defined in terms of max instead of — min. With IfC" one can form the graded Novikov ring 
= MJ[q, q^ 1 ] where deg(q) = 2 and deg(s) = 0. As a graded module over A^ , the quantum cohomology 
of a symplectic manifold (M 2n ,uj) is given by 

QH* (M, u) = H* (M ; C) ® A f 

and its ring structure is a deformation of the normal cup product by Gromov-Witten invariants [MS04 . 
The convention is to define spectral quasi-states and quasi-morphisms in terms of quantum homology 
[EP08l lUshllj . using idempotents in the K^-algebra QH>z n (M,uj) that split off a field summand. However 
by Poincare duality, one may just as well talk about idempotents in the K^-algebra QH°(M,ui) that give 
a field summand. Since the results in |OT09] we need are stated in terms of QH°(M,lo), we will adopt 
this perspective as well, so from now on K = . 

Consider a symplectic toric manifold (M 2ti ,uj) with moment polytope 

A w = {x G W n | {x, C j ) + a.j > , for j = 1, . . . , d} 

where dj G M and f = . . . , ^) G Z n are the primitive interior conormal vectors for the d facets. The 
Landau- Ginzburg superpotential is given by 

d j 

WL, : (K*) n -> K where W u (vu ■ ■ ■ , Vn) = E ^Vi • • • Vn- 

3=1 

The proof of the following theorem appears in Ostrover-Tyomkin [OT09 . The first part summarizes 
[OT09, Proposition 3.3, Corollary 3.6, Theorem 4.3] and similar results appear in Fukaya-Oh-Ohta-Ono 



|FOOO10al Theorem 6.1]. The proof of the isomorphism in (37) proceeds by proving the right hand side 
is isomorphic to Batyrev's |Bat93 combinatorial definition of quantum cohomology, which in the Fano 
case is isomorphic to quantum cohomology by Givental |Giv95] . The second part summarizes Ostrover- 
Tyomkin's discussion in [OT09, Section 6], which consists of reinterpreting McDuff-Tolman's [MT06 



computation of the Seidel element [Sei97 in terms of ( 37 ) . 

Theorem 3.1 ( jF( )( )( ) 10a! IMT061 IOT09] ) . If(M 2n ,u) is Fano, then as K-algebras 

(37) QH (M,u)*K\yf,...,y±\/J Wu 

where Jw^ is the ideal generated by all partial derivatives ofW w . Field direct summands in QH°(M,uj) 
correspond to non-degenerate critical points ofW^ in (K*) n and semi-simplicity of QH (M,oj) is equiv- 
alent to all the critical points being non- degenerate. If the potential for the monotone W uo has only 
non- degenerate critical points, then the same holds W w . 

Let p = (pi, . . . ,p n ) G (K*) n be a non- degenerate critical point of W u , let e p G QH°(M,uj) be the 
corresponding idempotent, and let Ce p be the associated spectral quasi-state. Viewing the coordinate Xi 
from the moment polytope as a Hamiltonian on M, which generates an S 1 -action, we have that 

(38) Cep(*i) = 



where v:K-^IU { — oo} is the valuation on "K from (36) 
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As an example of using Ostrover-Tyomkin's method we will prove Theorem 1.6 and let us note the first 
part of our proof mimics their proof of [OT09 , Corollary F] . 




1 X\ 



FIGURE 3. The moment polytope A for (X$, co x ) 
heavy fibers. 



! #CP , oj\) and the two super- 



Proof of Theorem 1.6 Recall that we are looking at (AT| n , lu\), a small blowup of CF n at a fc-dimensional 
face, with moment polytope 



A 



k.X 



(an, . . . , x n ) e R n | Xi > 0, -J2 Xi + 1 - °' Xi 

i=l i=k+l 



A > 



First consider the monotone case where Ao 
and hence 



n— k— 1 
n+1 ' 



All the critical points of W\ are non-degenerate 



W\ = yi-\ h y n + s y l 1 • • • y n 1 + s x y k+1 ■■■y n 



in general will only have non-degenerate critical points. 

Setting the partial derivatives d Vi W\ = equal to zero and scaling by yi gives 

(39) yi - s yi 1 • • • y' 1 =0 for i < k 



(40) yi - s y 1 1 • • • y n 1 + s X y k +i ■ ■ ■ y n = for i > k. 



Therefore each critical point p = (pi, . . . ,p n ) lies on y = p\ 
y,z € K*, while equations (39) and (|40j) become 

(41) 

and 

(42) 



p k and z = p k+1 



p„. for 



y k+1 z n ~ k = s and hence u(y) = -^(1 + (n - fc) v(z)) 



(z + s -* z n-k)W - sz -( n ~ k ) = 0. 



The Newton diagram method [Wal78l Chapter 4, Section 3] can now be used to find the valuation of the 
roots z G K of the polynomial (42). See Figures [4] and [5] for example Newton diagrams, where a non-zero 
term az l in the polynomial (42 ) corresponds to a point at (/, v{a)) in the diagram and the slopes represent 
the negative valuations — v of the different roots. 

-„(z) = 

By (41) it follows y has valuation —v(y) = fef, and the valuations of the pair (y, z) determine the 
coordinates of the fiber L s in ([6| . 

For positive A < ""j^ 1 ? there are two types of roots: n + 1 roots of type z' and (n — fc — l)(fc + l) roots 
of type z", with valuations 

(43) _^' )= l an d -„(*»)- ^ 



, then there are (n — fc)(fc + 2) roots z of (42) all with the valuation 

1+A(fc+1) 
(n-k)(k+2) ■ 



n—k—1 ' 
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Figure 4. The Newton diagrams for the polynomial (42 ) where k = 0, drawn with n = 3 



Left: A > ^-j4 and the slope is Right: A < ^-t4 and the slopes are — W and — 




2n - 2 





1 2A 

: A • 1 




-n + 


— " 2 n 

■ -1 


2n - 

t 







Figure 5. The Newton diagrams for the polynomial (42 ) where k = 1, drawn with n = 4. 
Left: A > and the slope is g^yy- Right: A < ^=|and the slopes are and 



By (41), the valuation for a y' corresponding with z' and a y" corresponding with z" are 

l/i \ n— fc \ 



(44) 



v hf) 



i 

n+l 



and 



k+\y n-k-1' 

So for positive A < n ~^~y 1 , there are two types of critical points p = (jp\, . . . ,pk,Pk+i, ■ ■ ■ ,Pn) = (y, z) 
where 

p' = (y',z>) and p" = (y",z") 



where (y',z') and (y",z") have valuations given by (43) and (44). Let e p i and e p » be the corresponding 

n ' k zi) if i < k 



idempotents, then by Theorem 3.1 we have that 

1 



(45) 



Ce„i { x i 



n + l 



and Q „ (xi) 



My") 



-viz 



k+1 
X 

n-k-1 



1-A 



n—k- 



if i > k 



and note that these are precisely the coordinates of the two Lagrangian fibers 



L c = [x = diag(^)} and L fe>A = |a?i 



Xk 



:i-a 



n—k 



Xk+1 



Cn ~ n-k-1 j ■ 



k+1 \ v n-k-1 1 ' 

McDuff's method of probes McDOi), Lemma 2.4] displaces every fiber in A£ A except for these two fibers. 
So by the vanishing property and quasi-linearity, under the moment map £ e , and Q p „ push forward to 



integrals on AjJ A supported on these two points. Therefore by (45), the push forward of the quasi-states 
( e , and Ce ; , are Dirac delta functions on A.k,x for the points that L c and L^x are over, respectively. One 
can now use the criterion of [EP09, Proposition 4.1] to prove that L c is superheavy for Q e ^, and L^^x is 
superheavy for Q e ,,. □ 



The following is a corollary of Theorem |3.1[ 

Corollary 3.2. Let (M^™ 1 , uj\) and (Mf™ 2 , U2) be symplectic toric Fano manifolds and let a G QH°(Mi,oJi) 
be idempotents corresponding to non-degenerate critical points p% G (K*)" - ' ofW Wi - Let Xi C Mi be su- 
perheavy for the spectral quasi-states Q ei ■ 
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Then (pi,P2) £ (K*) ni+n2 is a non- degenerate critical point for W m ®u) 2 = W UJ1 + W U2 , the potential 
function for (Mi x M^^i (Bio 2 ), and it corresponds to the idempotent e\ ®e 2 £ QH°(M\ x M 2 ,uj\ <^ui 2 )- 
The spectral quasi-state Cei®e 2 iS a product symplectic quasi-state for ( ei and ( e2 in the sense of (22) and 
hence 

Xi x X 2 C Mi x M 2 

zs superheavy for Cei®e 2 - ^ e analogous results holds for spectral quasi-morphisms as well. 

Proof. That (pi,p 2 ) £ (I€*) ni+n2 is a non-degenerate critical point for the potential function W Wl @ Wa 
and that it corresponds to the idempotent e\ <S> e 2 follows from the definitions and construction of the 
isomorphism (37). Since it corresponds to a non-degenerate critical point, e\ 8> e 2 splits off a field, and 
hence defines a symplectic quasi-state Cei®e 2 - That this is a product symplectic quasi-state in the sense 
of (22) and that X\ x X 2 is superheavy for Cei(g>e 2 follows from [EP091 Theorems 1.7 and 5.1]. □ 



3.2. Using the Abreu Macarini construction to prove Theorem 1.2, For a positive a < ^rj, let 
(y 2n ,u; a ) be as in the introduction, with moment polytope 

!n n n 

(xi, . . . , x n ) € 1" I Xj > , - j^ajj- + 1 > , - (n - l)a > , - Xj + na > 

3=1 3=1 3=2 

Generalizing the Abreu-Macarini construction [AM11, Application 7] for the n = 2 case, we will show 
that for positive A < 1 ( n + 1 ) a ^ e f) Der 

L\ over the point (xi, X2, . . . , x n ) = (a + A, a, . . . , a) 

in the moment polytope A™ for (Y 2n ,uj a ) is non-displaceable. In fact we will show that (Y 2n ,co a ) can be 
obtained by performing symplectic reduction on a codimension n regular level set of 

(47) (CP n #CF n x CP"" 1 x CP 1 , u a:X = ui, a>x © io 2iCt:X © a; 3 , a , A ) , 



coming from an n-dimensional subtorus of the product torus FxP 1 x T 1 that acts on (47). This level 
set will contain a Lagrangian torus 

(48) L a,x = L^ X x L^ A x L a ' X 



3 ! 

a, A „ T ;u +^ rn r V^2n 



which is superheavy for a spectral quasi-state and quasi-morphism and L Q ' will map to C K under 
the reduction map. By Theorem 1 1 . 1 1 this will suffice to prove Theorem 1.2 



Proof of Theorem \l.S\ By scaling a small blowup (XQ n ,oj v ) = (CP n #CP n , u; v ) from Theorem 
create a (ATq™, wi, a ,A) whose moment polytope is given by 



1.6 



we can 



x G M" | xj > , - ^ xj + C > , ^ Xj - (n - l)(a + A) > 

3=1 3=1 

where C 3> is some large constant and the fiber Lq^ over diag(a + A), which is near the exceptional 
divisor, is superheavy for a spectral quasi-state. By shifting the X2, . . . ,x n coordinates down by A, the 
moment polytope for (Xq™, (jJx a \) becomes 

!n n 
(xi, . . . , x n ) e R n I xi > , xj + A > for j > 2 , - Xj + C > , ^ xj - (n - l)a > 
3=1 3=1 



where C » 0, and by Theorem 1.6 the fiber L°' A = {(xi, . . . , x n ) = (a + A, a, ... , a)} is superheavy for 



a spectral quasi-state (j whose idempotent comes from Theorem |3.1[ 
Let (CP n_1 , u}2,a,\) have moment polytope given by (y 2 , . . . ,y n ) G M n_1 

A 2 , a ,A = | (y 2 , ...,!/„)€ M"- 1 | > 0, -J2vj+ na > 



2!! 
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and let (CP ,0)3^) have moment polytope given by Z\ E E 

A 3 , a ,A = 1>i € M I -1 + 2na + 2A < z x < 1} . 



The fibers L2' = {2/2 = • • • = Un = a } an d L^' A = {zi = na + A} are the Clifford tori, which are stems 
so by Entov-Polterovich |EP09, Theorem 1.8] they are superheavy for a ny s ymplectic quasi-state. Let C2 
and £3 be spectral quasi-states, whose idempotents comes from Theorem 



for £j. It follows from Corollary |3.2| that the product (48) of these Lagrangian tori 

*.A 



3.1 



such that is superheavy 



ra.X t&,a rd,A tOl.a r , \ 

L ' = L x xi 2 x L 3 ■ = {xi = a + A , x% = ■ ■ ■ = x n = a , y 2 
is superheavy for a spectral quasi-state and quasi-morphism on 



IJr, 



a , z\ 



na + A} 



Xl n x CP 



n-l 



the product space (47). 



<^3,a,A > Al,a,A X ^2,a,X X ^^a) 



X 2 



2a — 



Sl > w 2,a,A) 
"i w 3,q,a) 



a 1 



a 



l-q 
2 



Xl 



1 \ 



Figure 6. The level set Z projected to the (x±, x 2 )-coordinates. This induces a Hamil- 
tonian T 2 -action on the reduction of Z, which is (Y 4 , w, 
of L a ' x C Z. Here a = \ and A = i 



and the fiber is the reduction 



22' 



(XV 1)Q , A ) 

) w 3,q,a) 



2a 



a 



\ a \ 



l-a 
2 



l\. 



Figure 7. The level set Z projected to the (xi, ^-coordinates. This induces a Hamil- 
tonian T 2 -action on the reduction of Z, which is (Y 4 ,uj a ) and the fiber is the reduction 
of L a ' x C Z. Here a = \ and A = ^. 

The subset given by 

Z = I X 2 = V2, ■ ■ ■ , x n = y n , ^2 X n = zi \ 
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is a regular level set of a Hamiltonian T n -action on the product space, and Z contains the superheavy 
Lagrangian torus L a,A . The assumptions on A are used here to ensure that Z is a regular level set. When 
A = 0, the face given by Xj = —A = aligns with the face yj = 0, and when A = 1 ~("+ 1 ) a i the face given 
by z\ = —1 + 2na + 2A aligns with the face given by Y^j=i x j = {n — l)a. These alignments cause Z to 
not be a regular level set. This behavior can be seen in Figures [6] and [7j as A goes from small to large. 

It follows from Theorem that the reduction (Z/T n ,co a ,x) inherits a symplectic quasi-state, £\, and 
quasi-morphism, and the reduction of L a,x is superheavy. The subtorus given by the action of the 
XiS is integrally transverse to the subtorus giving the level set Z, and hence the moment polytope of 
(Z/T n , id a x) is given by the projection of Z to the (x\, . . . , x n )-coordinates. This is precisely the moment 
polytope A™ for (Y 2n ,uj a ) and the projection of L a ' X gives the fiber over 

{xi,x 2 , . . ■ , x n ) = (a + A, a, . . . , a) 

which is the description of C (Y 2n ,u a ). See Figures [6] and [7] for examples. Therefore it follows from 
Delzant classification of toric manifolds |Del88j . that (Y 2n , oj a ; L") is identified with (Z/T n , u} q ,a; L a ' X /T n ), 
and hence is superheavy for a symplectic quasi-state £a and quasi-morphism on (Y,u a ). □ 
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